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Introduction
The puzzle of the muon anomalous magnetic moment
aµ =(gµ−2)/2 continues to pose a challenge across var-
ious communities in particle physics. The current 3σ dis-
crepancy between the experimental value and the Stan-
dard Model prediction (both are quoted in Table 1) has
spurred developments in QED, QCD and physics be-
yond the Standard Model, see [1] for a comprehensive
review. In addition, new measurements at Fermilab [2]
and JPARC [3] have been proposed to further improve
upon the present experimental precision.
The magnetic moment of a lepton l = e,µ is encoded
in its electromagnetic current:1
Jµl = u¯(p
′)
[
F l1(Q
2)γµ − F
l
2(Q
2)
2ml
σµνQν
]
u(p) , (2)
where σµν =− i2 [γµ ,γν ]. The anomalous magnetic mo-
ment is the Pauli form factor at zero momentum trans-
fer: al = F l2(0). Its leading contribution is Schwinger’s
result [4] for the one-loop dressing of the lepton-photon
vertex, al = α/(2pi) +O(α2). The majority of correc-
tions come from QED and are known up to O(α5),
with uncertainties from higher orders in perturbation
theory already below the measurement error [5]. Fur-
ther electroweak and QCD corrections are strongly sup-
pressed. They enter with magnitude 10−8 for the muon
1 We work in a Euclidean metric with the following replacement rules
for Lorentz vectors aµ , tensors T µν , and γ−matrices:
aµE =
[
a
ia0
]
, γµE =
[ −iγ
γ0
]
, T µνE =
[
T i j iT i0
iT 0i −T 00
]
. (1)
’E’ stands for Euclidean and the absence of a subscript for Minkowski
conventions. This entails aE · bE = −a · b for scalar products, /aE = i/a,
gµνE =−δ µν , and {γµE ,γνE}= 2δ µν . We drop the label ’E’.
TABLE 1. SM contributions to aµ in units of 10−10
(quoted only up to another digit).
Experiment 11 659 208.9 (6.3) [6, 7]
QED 11 658 471.9 (0.0) [5]
Electroweak 15.3 (0.2) [1]
Hadronic VP 685.1 (4.3) [8]
Hadronic LbL 11.6 (3.9) [1]
Standard Model 11 659 183.9 (5.8)
Difference 25.0 (8.6)
but only 10−12 for the electron because they scale with
the squared lepton mass. Since the current experimental
precision is of the order 10−10 for the muon and 10−12
for the electron, these corrections are compatible with the
experimental error in the case of ae, whereas for aµ they
are by two orders of magnitude larger.
The two types of QCD corrections are the hadronic
vacuum polarization and hadronic light-by-light (LbL)
scattering contributions. The former is the dominant cor-
rection and experimentally constrained from the total
hadronic cross section in e+e− annihilation. The LbL
part emerges from the photon four-point function in
Fig. 1 when three of the photons are coupled to the
muon. Its contribution to aµ is relatively small, but the
fact that the uncertainty of the SM prediction is domi-
nated by QCD effects warrants its closer inspection. The
value in Table 1 relies on a variety of models, see [1, 9]
for overviews. Current progress is also being made with
dispersion relations [10, 11], and lattice simulations are
underway [12]. In this work we will highlight recent de-
velopments in the Dyson-Schwinger equation (DSE) ap-
proach in determining the LbL contribution to the muon
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FIGURE 1. Contributions to the LbL amplitude: quark loop, meson exchange diagrams and pion loops.
anomalous magnetic moment [13–15].
The paper is organized as follows. First we give a
brief overview of select model approaches to hadronic
LbL. This is followed by summarizing the present status
of the quark loop calculation in the Dyson-Schwinger
approach and its role in view of a consistent, gauge-
invariant description of the LbL amplitude. Finally, we
present a general discussion of the photon four-point
function based upon constraints from Bose symmetry
and electromagnetic gauge invariance.
Model results
Fig. 1 shows the dominant diagrams that contribute to
the LbL scattering amplitude and have been investigated
in the literature: the quark loop, hadronic (pseudoscalar,
scalar, axialvector, etc.) exchange diagrams, and pseu-
doscalar loops. They have been studied in a variety of
approaches such as the extended Nambu-Jona-Lasinio
(ENJL) model [16, 17], quark models [18–21], and
hadronic models based on light meson dominance [22–
26]; for overviews we refer to Refs. [1, 9, 27–29]. Quot-
ing only ballpark numbers, the various contributions to
aµ are (in units of 10−10):
• pseudoscalar exchange: 8 . . .11,
• scalar exchange: −1,
• axialvector exchange: 2,
• pseudoscalar loops: −2.
These numbers are typical for some of the models: the
largest contribution comes from pion exchange, whereas
the other effects are smaller.
Another question is whether the quark loop should be
included as well. In principle, if the hadronic description
were complete in the sense of a spectral representation,
such a term would introduce potential double-counting.
As we will discuss below, Fig. 1 can be also viewed from
a different perspective: each diagram can be identified
with a distinct contribution of a systematic quark-level
decomposition based upon gauge invariance.
The constituent-quark loop result for aµ is known
analytically from the electron loop that appears in the
LbL contribution of QED [20, 30]:
a(QL)µ = Nc
(α
pi
)3
∑
f
q4f
[
c1R2f − c2R4f + . . .
]
. (3)
R f =mµ/m f is here the ratio of muon and quark masses,
and the charges of the quark flavors f = u,d,s are de-
noted by q f . Inserting a constituent-quark mass in the
window m ∼ 240 . . .280 MeV yields values in the range
a(QL)µ ∼ 6 . . .8×10−10.
In the ENJL model the quark loop result is improved
by dressing also the quark-photon vertex. Upon summing
up quark bubbles, the vertex acquires a transverse part
which has a dynamical ρ−meson pole:
Γµ = iγµ − Q
2
Q2+m2V
iγµT , (4)
where γµT = T
µν
Q γ
ν and T µνQ is the transverse projector
T µνQ = δ
µν − Q
µQν
Q2
. (5)
It turns out that this additional transverse piece sup-
presses the magnitude of the quark loop, with the result
a(QL)µ ∼ 2×10−10 [16, 17]. Hence, the quark loop is again
a small effect, and adding all diagrams in Fig. 1 yields
the QCD prediction for the LbL contribution quoted in
Table 1.
DSE calculation of the quark loop
How can one improve upon these calculations? To
begin with, the quark mass is not a constant because
the dressed quark propagator has a nonperturbatively
enhanced quark mass function:
S0(p) =
−i/p+m
p2+m2
→ S(p) = 1
A
−i/p+M
p2+M2
, (6)
where M(p2) and A(p2) are momentum-dependent func-
tions. At large spacelike momenta, M(p2) approaches
the current-quark mass with a logarithmic falloff. At low
momenta the mass function becomes large and can be
interpreted as the constituent-quark mass scale; for light
quarks, M(p2 = 0) ∼ 300 . . .400 MeV. These values are
typical results from DSE studies in Landau gauge, but
they are also consistent with lattice data [31, 32] as well
as their qualitative momentum dependence. A(p2) de-
pends on the renormalization condition but it is also en-
hanced at low momenta, usually with a factor ∼ 1.5 . . .2
compared to its perturbative value.
On the other hand, dressing the quark will also change
the quark-photon vertex. As a consequence of electro-
magnetic gauge invariance, the vertex satisfies the Ward-
Takahashi identity (WTI)
Qµ Γµ(k,Q) = S−1(k+)−S−1(k−) , (7)
which depends on the dressed quark propagator. (Q is
here the photon momentum and k= 12 (k++k−) is the av-
erage momentum of the incoming and outgoing quarks.)
If the propagator is known, then also the quark-photon
vertex is determined up to transverse parts:
Γµ(k,Q)=
[
iγµ ΣA+2kµ(i/k∆A+∆B)
]
+ iΓµT (k,Q) . (8)
The bracket on the r.h.s. is the Ball-Chiu vertex that is
sufficient to satisfy the electromagnetic WTI [33]. It de-
pends on sums and difference quotients of the propagator
dressing functions:
ΣF =
F(k2+)+F(k
2−)
2
, ∆F =
F(k2+)−F(k2−)
k2+− k2−
, (9)
where F ∈ {A,B} and B = AM. The transverse part
ΓµT is not constrained by gauge invariance and must be
determined dynamically. Its generic form is
ΓµT (k,Q) = f1Q
2 γµT + · · ·+ f3 i2 [γµ , /Q]+ . . . , (10)
with six further tensor structures that depend not only on
the photon momentum Q but also on the quark momen-
tum k (see, e.g., Refs. [34, 35] for the complete expres-
sion). In general, the dressing functions fi depend on all
Lorentz invariants: k2, k ·Q and Q2. Note that for a tree-
level propagator with M = m and A = 1, together with
f1 = −1/(Q2 +m2V ) and all other fi = 0, Eq. (8) repro-
duces the ENJL version in Eq. (4), because ΣA = 1 and
the difference quotients vanish.
Therefore, in order to calculate the dressed quark
loop numerically, one needs to know the dressing func-
tions M(p2) and A(p2) of the quark propagator, together
with the eight transverse dressings fi(k2,k ·Q,Q2) of the
quark-photon vertex. Both can be obtained in the Dyson-
Schwinger formalism, where the quark propagator is
solved from its DSE and the quark-photon vertex from
its inhomogeneous Bethe-Salpeter equation. The latter
reproduces the form of Eq. (8): it self-consistently gener-
ates the Ball-Chiu vertex plus a transverse part that con-
tains timelike vector-meson poles [36]. This is important
= + ?
FIGURE 2. Quark-level decomposition of the LbL ampli-
tude in rainbow-ladder truncation. Prefactors and permutations
are omitted.
in the context of hadronic form factors: when form fac-
tors are calculated microscopically, the Ball-Chiu part of
the vertex is necessary to reproduce the hadron’s charge
at Q2 = 0, whereas the transverse part introduces the
timelike pole structure. The leading transverse compo-
nent f1 is similar to that in Eq. (4) except that it also falls
off with k2, see [15, 35, 36] for details.
The DSE calculation of the dressed quark loop with
these ingredients has been performed in a series of
works [13–15]. The current result for the muon anoma-
lous magnetic moment is quoted in Ref. [15]; with four
flavors, a(QL)µ = 10.7(2)× 10−10. It is five times larger
than the ENJL value and, given the same error estimate,
would reduce the discrepancy in Table 1 to ∼ 2σ . How
does it come about?
For the sake of illustration we will again use only
ballpark numbers; a detailed discussion is given in [15].
Suppose we start from a constituent-quark loop with a
bare vertex, M = 200 MeV and A = 1. From Eq. (3)
the result for two light quark flavors is aµ ∼ 10 (in
units of 10−10). This does not change if we dress the
quark with the mass function M(p2) calculated from
its DSE, which means that the integrated average mass
function is M ∼ 200 MeV. Including in addition the DSE
result for A(p2) leads to a suppression because A(p2)
appears in the denominator of the quark propagator ⇒
aµ ∼ 5. That effect is compensated if we switch on
the ΣA dressing of the γµ−component of the vertex,
which leads back to aµ ∼ 10. Adding now the leading
transverse part of the vertex with f1 = −1/(Q2 +m2V )
induces a large suppression similar to that in the ENJL
model: aµ ∼ 4. However, upon including the result for
f1 calculated from the Bethe-Salpeter equation, which
naturally also includes the dependence on k2, one arrives
again at aµ ∼ 10. Therefore, it is the additional quark
momentum dependence of the vertex that ‘suppresses the
suppression’ found in the ENJL model.
Unfortunately, the remaining parts of the Ball-Chiu
vertex including ∆A and ∆B lead to an erratic numeri-
cal behavior which has not yet been resolved. Because
the DSE result was so far obtained by neglecting these
parts, it clearly cannot be gauge invariant. Can it be con-
sidered reliable under these circumstances? It was noted
in Ref. [15] that changing the gauge of the photon prop-
agator has only little effect on the quoted value; i.e., al-
though gauge invariance is broken, the gauge artifacts ap-
pear to be negligible. We will return to this point below
and study the magnitude of potential gauge artifacts in
detail.
Towards a complete expression
We should stress in this context that there is a priori no
reason why even the full quark loop should be gauge in-
variant. Fig. 2 shows the ‘rainbow-ladder’ decomposition
of the LbL amplitude at the quark level that follows from
electromagnetic gauge invariance [15, 37]. It contains
the quark loop plus a graph where the connected quark-
antiquark four-point function (the ‘quark scattering ma-
trix’) appears. Only the sum has to be gauge invari-
ant, but not necessarily the individual contributions. The
scattering matrix contains all intermediate meson poles
and thereby reproduces the gauge-invariant hadronic ex-
change terms in Fig. 1. In addition, it provides a natural
offshell extension for those diagrams, which also serve to
cancel potential gauge artifacts coming from the quark
loop. Observe that the quark loop is necessary to pre-
serve gauge invariance, i.e., there is in fact no double-
counting.
Fig. 2 is not yet the complete expression for the LbL
amplitude but only gauge invariant in a rainbow-ladder
truncation, where the quark-quark interaction reduces to
a gluon exchange. The scattering matrix is then a sum
of gluon ladders; if the gluon shrinks to a point, it be-
comes the bubble sum from the ENJL model. Rainbow-
ladder results are available for a range of hadron proper-
ties: spectra of light and heavy mesons [38–41], their de-
cay constants, form factors and other quantities [36, 42–
46], baryon spectra [47–49] and a variety of nucleon and
∆ elastic and transition form factors [47, 50–52]. The
analogue of Fig. 2 for pipi scattering was calculated in
Ref. [53]. Many of these observables have been obtained
to good accuracy; for example, the value for a(PS)µ =
(8.1± 1.2)× 10−10 from the pseudoscalar exchange-
diagram in Fig. 1, where the rainbow-ladder solutions for
the pi,η → γ∗γ∗ form factors are employed, agrees well
with the model results quoted earlier [14]. The systems
where rainbow-ladder fails are also known, and calcula-
tions beyond rainbow-ladder are well underway [54–68].
So far, they have been mostly applied to mass spectra be-
cause the extension to structure properties (form factors
etc.) is considerably more difficult.
In the case of LbL scattering, Fig. 2 would pick up
further diagrams where the photons also couple to the
quark-antiquark kernel. One can show that a subset of
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FIGURE 3. Kinematics in the photon four-point function.
these graphs reproduces the pion loop, which is the only
diagram in Fig. 1 that cannot be realized with the decom-
position in Fig. 2. Effects beyond rainbow-ladder will
then primarily add to the ‘pion cloud’, which is a situ-
ation very similar to the observables mentioned above.
However, from the magnitude of the pion-loop contri-
bution to aµ one can infer that such effects will be rather
small in the present case. A complete rainbow-ladder cal-
culation of Fig. 2 should then provide a rough, but gauge-
invariant, estimate for the value of aµ whose efficacy is
tested by other hadronic processes such as those men-
tioned before.
We finally note that both graphs in Fig. 2 can be ab-
sorbed into a one-loop diagram that contains two quark-
photon vertices combined with a quark two-photon ver-
tex. The latter is the quark Compton vertex that is also
responsible for the handbag-like diagrams in nucleon
Compton scattering, together with the t−channel meson
pole structure [69]. Its Born terms are those that appear
in the quark loop of the LbL amplitude, whereas the
quark scattering matrix in the second graph constitutes
the one-particle-irreducible part of the vertex. The struc-
ture is similar to the pion loop in Fig. 1 which is also
not gauge invariant by itself, but gauge invariance can
be restored by adding diagrams that contain the pion’s
Compton scattering vertex [70, 71].
Structure of the light-by-light amplitude
Let us take a step back and study the structure of the
LbL amplitude itself, without reference to any particular
approach to calculate it. This should help to isolate the
relevant kinematic regions that contribute to the g-2 inte-
gral, the importance of individual tensor structures, etc.
The generic form of the LbL amplitude is given by
Mµνρσ (p,q,k) =
136
∑
i=1
fi(Ω)τ
µνρσ
i (p,q,k) , (11)
where p, q and k are three independent momenta upon
which the amplitude depends. A convenient choice are
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FIGURE 4. Doublet triangle in the (a,s) plane and triplet tetrahedron in (u,v,w) space, both at fixed S0.
the s−, u− and t−channel momenta:
p= p2+ p3 =−p1− p4 ,
q= p3+ p1 =−p2− p4 ,
k = p1+ p2 =−p3− p4 ,
(12)
with the incoming photon momenta denoted by pi, see
Fig. 3. Ω = {p2,q2,k2,ω1,ω2,ω3} comprises the six
Lorentz invariants that constitute the phase space: from
the momenta above one can form the three Mandelstam
variables p2, q2, k2 and the angular variables
ω1 = q · k, ω2 = p · k, ω3 = p ·q . (13)
The amplitude depends on 136 linearly independent ten-
sor structures which we will discuss further below.
Bose symmetry is a powerful assistant for investigat-
ing the LbL amplitude because it must be symmetric un-
der any exchange of indices and corresponding momenta
(e.g. µ ↔ ν , p1 ↔ p2). One can cast both the dressing
functions and the tensor structures in Eq. (11) into mul-
tiplets of the permutation group S4 and combine them
so that the full amplitude becomes a singlet. A func-
tion of four variables has 24 permutations; they can be
rearranged into multiplets that transform under the ir-
reducible representations of S4. In terms of Young dia-
grams one has the following possibilities:
S T+i D j T
−
i A
(14)
S and A are completely symmetric or antisymmetric sin-
glets. The doublets D j ( j= 1,2) form a two-dimensional
irreducible subspace, and the triplets T+i and antitriplets
T−i (i = 1,2,3) form two three-dimensional subspaces.
Their elements can be arranged in column vectors.
For example, one can collect the six Lorentz invariants
into a symmetric singlet, a doublet and a triplet:
S0 =
p2+q2+ k2
4
,
D0 = S0
[
a
s
]
=
1
4
[ √
3(q2− p2)
p2+q2−2k2
]
, (15)
T0 = S0
 uv
w
= 1
4
 −2(ω1+ω2+ω3)−√2(ω1+ω2−2ω3)√
6(ω1−ω2)
 .
We pulled out factors of S0 to remove the mass dimen-
sion of the doublet and triplet variables (a,s and u,v,w),
so that only S0 ∈R+ carries a dimension. The latter is a
singlet because it can be written as
S0 =
x1+ x2+ x3+ x4
4
, (16)
where xi = p2i are the photon virtualities.
The doublet phase space is the Mandelstam plane
spanned by the variables a and s . It encodes the relations
between p2, q2 and k2 which are illustrated in Fig. 4.
Since the three momenta are independent and the vari-
ables p2, q2 and k2 can take any value ∈ R+, the space-
like region that contributes to the g-2 integral forms the
interior of an equilateral triangle with side length 2
√
3,
enclosed by the lines p2 = 0, q2 = 0 and k2 = 0. The
three corners[
a
s
]
=
[
0
−2
]
,
[ √
3
1
]
,
[ −√3
1
]
(17)
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FIGURE 5. Phase space that is relevant for g−2.
correspond to the limits q2 = p2 = 0, p2 = k2 = 0 and
q2 = k2 = 0, respectively. The timelike pion, scalar or
axialvector two-photon poles will then form further tri-
angles that enclose the spacelike one, and their strength
will influence the shape of the LbL dressing functions
inside the spacelike region.
To discuss the triplet phase space it is advantageous to
express T0 through the photon virtualities xi = p2i :
T0 =
1
4
 x1+ x2+ x3−3x4−√2(x1+ x2−2x3)√
6(x1− x2)
 . (18)
For xi ∈ R+ the resulting phase space forms the tetra-
hedron shown in Fig. 4. In analogy to the doublet, the
faces of the tetrahedron are the limits of vanishing photon
virtualities xi = 0. Since each quark-photon vertex con-
tributes vector-meson poles starting at p2i = −m2ρ , these
poles will form further tetrahedra that enclose the one in
Fig. 4. On the other hand, the constraint p1 + p2 + p3 +
p4 = 0 entails that not the full tetrahedron is probed un-
der the g-2 integral. Instead, for fixed singlet and doublet
variables, the triplet phase space is a rather complicated
geometric object bounded by the tetrahedron.
The kinematic limit that is relevant for the g-2 integra-
tion corresponds to one vanishing external photon mo-
mentum. For example, setting p4 = 0 in Eq. (12) leads to
p+ q+ k = 0, which entails that the doublet and triplet
variables are no longer independent but satisfy
T0 = S0
 1−√2s
−√2a
 , a2+ s2 ≤ 1 . (19)
The remaining phase space is visualized in Fig. 5: it is the
unit circle within the triangle and the circle with radius√
2 at the bottom of the tetrahedron.
The permutation-group arrangement has another prac-
tical advantage. If one succeeds in casting the tensor
structures in permutation-group singlets, then the dress-
ing functions must be also singlets, so they can only de-
TABLE 2. 136-dimensional tensor basis for the LbL am-
plitude. n denotes the mass dimension, and the overcounted
doublet is shown in brackets.
n Seed # Multiplet
0 δ µνδρσ 3 S, D1
2 δ µν kρ kσ 6 S, D1, T+1
δ µν pρ pσ 12 S, D1, D2, T±1 , A
δ µν pρ qσ 12 S, D1, T+1 , T
±
2
δ µν pρ kσ 24 S, D1, D2, T±1 , T
±
2 , T
±
3 , A
4 pµ pν pρ pσ 3 S, D1
pµ pν qρ qσ 6 S, D1, T−1
pµ pν kρ kσ 10 S,
(
D1,
)
D2, T±1 , A
pµ qν kρ kσ 12 S, D1, T+1 , T
±
2
pµ pν pρ kσ 24 S, D1, D2, T±1 , T
±
2 , T
±
3 , A
pµ pν qρ kσ 24 S, D1, D2, T±1 , T
±
2 , T
±
3 , A
pend on symmetric variables. S0 is symmetric, but all fur-
ther variables emerge from products of D0 and T0 with
higher momentum powers, for example
D0 ·D0 = 38 (p
4+q4+ k4)−2S20 ,
T0 ·T0 = 34 (ω
2
1 +ω
2
2 +ω
2
3 ),
(20)
and also more complicated combinations. It is then con-
ceivable that the dependence in the ‘angular’ variables
contained in D0 and T0 is small, similar to other systems
where permutation-group arguments apply: the three-
gluon vertex [66], the quark-photon vertex [35], etc., so
that the main momentum evolution comes from S0.
Table 2 collects all linearly independent basis elements
that can be constructed from the elementary permutation-
group ‘seeds’
δ µνδ ρσ , δ µν cρ dσ , aµ bν cρ dσ , (21)
where a,b,c,d ∈ {p,q,k}. In principle, each seed can
produce any of the multiplets in Eq. (14): one singlet S,
one antisinglet A, two doublets D j, etc., although many
of them will vanish. This leads to the 138 elements in
the table. Only 136 of those are, however, truly linearly
independent: this is a consequence of the dimensional-
ity of spacetime and affects all higher n−point functions.
A similar restriction occurs in nucleon Compton scatter-
ing [72]. Therefore, one must remove two elements from
the basis in such a way that no kinematic singularities are
introduced in the remaining dressing functions. This is a
rather nontrivial task, and it turns out that the only safe
),1D(
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FIGURE 6. Dressing function of the lowest-dimensional sin-
glet tensor structure obtained from pµ pν qρ kσ in Table 2, plot-
ted as a function of S0. The band contains the full angular
dependence in the doublet and triplet variables.
choice is to remove the doublet D1 for the seed element
pµ pν kρ kσ (shown in brackets in the table).
Going further, one can form 136 singlet basis elements
from the multiplets in Table 2 via appropriate combina-
tions with the Lorentz-invariant multiplets D0 and T0.
The resulting singlet form factors in that basis behave in-
deed as anticipated: they are essentially only functions of
S0, whereas the angular dependencies are almost negligi-
ble. We illustrate one exemplary result in Fig. 6: it is the
dressing function of the lowest-dimensional singlet ten-
sor structure obtained from pµ pν qρ kσ . The figure high-
lights the advantages of a symmetric tensor basis: it is
sufficient to calculate the quark-loop integral in Fig. 2
on a sparse grid of the six-dimensional phase space. The
resulting dressing functions will look the same because
their angular dependencies are small, and they can be fit-
ted by functions that depend on S0 only. Hence, the LbL
amplitude can be well represented by 136 functions that
depend only on one variable.
Gauge invariance
The basis in Table 2 is not the most practical repre-
sentation of the LbL amplitude because it does not yet
implement the constraints from electromagnetic gauge
invariance:
pµ1 M
µνρσ = 0, . . . pσ4 M
µνρσ = 0 . (22)
This will reduce the basis to a subset of 41 transverse
tensors (as before, there are 43 possibilities but two of
them are linearly dependent). Transversality and analyt-
icity require these tensors to be proportional to at least
four powers in the photon momenta. In principle one has
to work out the Bose-symmetric condition
T µαp1 T
νβ
p2 T
ργ
p3 T
σδ
p4 M
αβγδ !=Mµνρσ , (23)
where the T µνpi are the transverse projectors from Eq. (5).
This leads to relations between the dressing functions;
if we denote the independent functions by fi and the
dependent ones by g j, they take the form
g1 = g1( f1, . . . f41) ,
...
g95 = g95( f1, . . . f41) .
(24)
They must be solved so that (a) no kinematic singulari-
ties are introduced in the process, i.e., all g j remain reg-
ular, and (b) only the minimal number of g j acquires a
higher mass dimension by being proportional to any of
the singlet variables S0, D0 ·D0, etc. (assuming that we
started from a symmetric tensor basis where all dressing
functions are singlets.)
The resulting amplitude takes the form
Mµνρσ =
41
∑
i=1
fi τ
µνρσ
⊥i +
95
∑
j=1
g j τ
µνρσ
j . (25)
The first term is the transverse part of the amplitude,
with transverse tensors τµνρσ⊥i that have mass dimension
4,6,8 . . . , and dressing functions fi that become constant
in any kinematic limit. The second term constitutes the
‘gauge part’, which is neither longitudinal nor transverse,
and must vanish if the amplitude is gauge invariant. (It
cannot be chosen purely longitudinal because that would
again introduce kinematic singularities.) The fact that the
τ j remain with mass dimension 0,2,4, . . . is the reason
why violating gauge invariance can have severe conse-
quences in practice. With another transverse projection
of Eq. (25) everything collapses into the transverse part.
If the dressing functions g j are nonzero, they will in-
troduce artificial singularities with momentum powers
−4,−2, etc. into the fi.
The analogous steps (23–25) for the nucleon’s Comp-
ton scattering amplitude have been worked out by Tar-
rach [72]. For simpler systems like the quark-photon ver-
tex they are straightforward to solve [69, 73]; in that case
the gauge part is the Ball-Chiu vertex in Eq. (8) which
remains nonzero because the right-hand side of Eq. (7)
does not vanish, i.e., the vertex is not gauge invariant. By
constrast, the situation for the LbL amplitude is much
more complicated because there are many possible kine-
matic limits and the g j must be regular in any of them.
An alternative way to approach the problem is to con-
struct tensors with lowest possible mass dimensions that
Gauge part 
(NJL)
Transverse
part (NJL)
Transverse
part (BC)
Gauge part 
(BC)
 
  
?? [????] ?? [????]
?? [????] ?? [????]
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FIGURE 7. Dressing functions of the LbL amplitude obtained from a constituent-quark loop (upper panels) and with a dressed
quark loop employing a Ball-Chiu vertex (lower panels). The legends only enumerate the dressing functions f1,2,3 and g1 that are
also discussed in the text.
are automatically free of kinematic singularities. For ex-
ample, one can employ
tµνi j = pi · p j δ µν − pµj pνi ,
εµνi j = ε
µναβ pαi p
β
j
(26)
as the building blocks for the construction of such ten-
sors [69]. tµνi j is transverse with respect to p
µ
i and p
ν
j , and
εµνi j is transverse to both momenta. Some possible tensor
structures for the LbL amplitude are then the following:
tµν12 t
ρσ
34 , ε
µν
12 ε
ρσ
34 , t
µα
11 t
αν
22 t
ρσ
34 , etc. (27)
They can be used as permutation-group seeds in analogy
to Table 2. The lowest dimension-four singlets are the
tensors
τµνρσ⊥1 = t
µν
12 t
ρσ
34 + t
νρ
23 t
µσ
14 + t
ρµ
31 t
νσ
24 , (28)
τµνρσ⊥2 = ε
µν
12 ε
ρσ
34 + ε
νρ
23 ε
µσ
14 + ε
ρµ
31 ε
νσ
24 , (29)
whereas the others have a higher mass dimension. The
construction elements tµν12 and t
µα
11 t
αν
22 are the two form
factors of a scalar two-photon current, and εµν12 is that
of a pseudoscalar (pi→ γγ) current. Hence, these tensors
already reflect the pole structure of the LbL amplitude:
the scalar pole will appear in f1 attached to Eq. (28), the
pion pole in f2, and so on.
The construction of a basis completely free of kine-
matic singularities is still under development. In the
meantime some useful observations can be made. In
Fig. 7 we plot the quark-loop result for the dressing func-
tions of the LbL amplitude. That is, we calculate the
quark loop and project the full amplitude onto a particu-
lar tensor basis of the form given in Eq. (25). The top
panels show the results from a constituent-quark loop
(with m = 500 MeV) and the bottom panels those from
a dressed loop where dressed propagators and the full
Ball-Chiu vertex were implemented. The left panels de-
pict the six largest dressing functions from the transverse
part (out of 41), and the right panels contain all 95 dress-
ing functions in the gauge part. In contrast to Fig. 6 we
do not show the full angular dependence but rather a spe-
cific kinematic point within the triangle and the tetrahe-
dron, plotted as a function of S0.
From the upper left plot one infers that the two func-
tions f1 and f2 from Eqs. (28–29) are indeed among the
dominant ones in the constituent-quark case. Within nu-
merical accuracy, the dressing functions from the gauge
part are all zero — with the exception of g1 which corre-
sponds to the ‘tree-level’ tensor structure
τµνρσ1 = δ
µν δ ρσ +δ νρ δ µσ +δ ρµ δ νσ (30)
and turns out to be a constant. The value of this con-
stant can be obtained analytically using a Feynman
parametrization, it is g1 = 1/(24pi2). Hence, not even the
constituent-quark loop is gauge invariant, but the prob-
lem is avoided in practical calculations of aµ where one
employs the identity
Mµνρσ =−pλ4
d
dpσ4
Mµνρλ , (31)
which holds if Mµνρσ is transverse. A nonzero gauge
part will drop out as long as it is constant, which is the
case here: Eq. (30) is the only possible singlet tensor
structure that is momentum-independent.
Turning now to the dressed quark loop in the bottom
panels, we find that both the magnitude and the rela-
tive strengths of the transverse dressing functions change
dramatically. These are not necessarily genuine effects.
On the one hand, we used a relatively large quark mass
m = 500 MeV for the NJL case and the fi are not di-
mensionless: f1 and f2 scale with 1/m4, etc. Halving the
quark mass would increase their magnitude already by
a factor 16. On the other hand, our transverse basis is
not yet free of kinematic singularities. This can be al-
ready deduced from the fact that several dressing func-
tions vanish with S0 → 0 instead of approaching con-
stant, nonzero values. As another example, the magni-
tude of f3 (whose tensor structure is an inconspicuous
singlet constructed from one of the triplets) is due to a
singularity which happens in a particular kinematic limit.
A ‘minimal’ basis should be free of such problems and
the dressing functions plotted over the full angular do-
main should rather resemble those in Fig. 6.
Note also that the gauge part is no longer zero: some of
the gi are now comparable in size to g1, which has picked
up a momentum dependence. They are still small com-
pared to the transverse dressing functions (we zoomed
into the right panels with a factor of 5 compared to the
left panels), and with different tensor decompositions
many of them could drop out. Nevertheless it is clear
that such a non-zero gauge part will complicate or even
invalidate a clean extraction of aµ . In principle, the de-
composition of Eq. (25) can be used as a ’filter’: keeping
only the transverse part should produce sensible results
as long as one has a tensor basis that is kinematically
safe. In any case, a non-transverse quark loop is not a
problem per se because all non-zero functions gi must be
canceled by the second diagram in Fig. 2, which contains
the ‘offshell contributions’ to the meson pole terms.
We finally recall that we obtained the bottom panels
of Fig. 7 using the full Ball-Chiu vertex, whereas the
present DSE result for a(QL)µ from Ref. [15] includes only
the dressing of the γµ part, together with the leading
transverse component. The fact that its value was found
to be stable under variations of the gauge parameter
indicates that the non-zero gauge parts in Fig. 7 are
mainly a consequence of the vertex dressings ∆A and
∆B in Eq. (8). In turn, this implies that the current result
for a(QL)µ is still largely unaffected by gauge artifacts and
therefore reliable, although efforts to update its value are
underway.
Summary
We summarized recent developments in the Dyson-
Schwinger approach regarding the light-by-light scatter-
ing contribution to the muon anomalous magnetic mo-
ment. We discussed the structure of the light-by-light am-
plitude and the consequences of gauge invariance, and
we identified the regions of the phase space that provide
support for the g-2 integral. We emphasize again that a
microscopic description of the amplitude accommodates
all diagrams that have been studied so far with models:
quark loops, hadronic exchanges including offshell ef-
fects, and in principle also pseudoscalar loops. An inclu-
sion of the quark loop is in fact necessary to satisfy elec-
tromagnetic gauge invariance for the full amplitude if the
quark propagator has a realistic momentum evolution.
The current best value for the dressed quark loop from
the Dyson-Schwinger approach is [15]
a(QL)µ = 10.7(2)×10−10 . (32)
It is an intermediary result because it was obtained by
omitting certain components of the quark-photon vertex.
We are working to update this number by calculating the
fully dressed quark loop, together with the diagram that
involves the scattering matrix and is needed to restore
gauge invariance. The latter should automatically repro-
duce the hadronic exchange terms from the quark level;
nevertheless, a direct result for the sum of pseudoscalar
(pi , η , η ′) exchange diagrams is also available [14]:
a(PS)µ = (8.1±1.2)×10−10 . (33)
Finally, these numbers should be complemented by the
Dyson-Schwinger result for the hadronic vacuum polar-
ization [74, 75]:
a(HVP)µ = 676×10−10 . (34)
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